Abstract. In this paper, we derive n-fold Darboux transformation of the two-component Hirota and the Maxwell-Bloch(TH-MB) equations and its determinant representation. Using Darboux determinant representation, we provide soliton solutions, positon solutions of the TH-MB equations.
The two-component Hirota-Maxwell-Bloch equation is as following [16] E 1z = 1 2 iβE 1tt + iAβE 1 + (E 1ttt + 3AE 1t + 3BE 1 ) − p 1 ,
Here E 1 and E 2 are the slowly varying amplitudes of the signal, p i , i = 1, 2 and M ij , i, j = 1, 2 are the electric and magnetic polarizations respectively, β and are constants and N is the concentration of resonant atoms, * means complex conjugation.
For the H-MB equation and inhomogeneous H-MB equation, the Darboux transformation is constructed in [12, 14] . But for the TH-MB, because of its complexity, the Darboux transformation and reduction conditions are still not clear. Using above linear equations of TH-MB equations, one-fold Daroux transformation for TH-MB equation will be introduced in the next section.
Firstly, one consider the transformation about linear function Φ by 
New function Φ is supposed to satisfy
Then matrix T must satisfy following identities
One can choose T = λI−S and then the Darboux transformation on E 1 , E 
and S should have a condition as s 21 = −s * 12 , s 31 = −s *
13
. We suppose
In order to satisfy the constraints of S, meanwhile make V −1 having similar form as V −1 , i.e. s 21 = −s * 12 , s 31 = −s * 13 , following constraint will be considerd
As the simplest Darboux transformation, the determinant representation of one-fold Darboux transformation of the TH-MB equations will be given in the following theorem.
Theorem 1: The one-fold Darboux transformation of the TH-MB equations is as following
where for 1 ≤ i, j, k, m ≤ 3
The matrix W 1 and row vectors p m , q k are defined as,
The following identities gives Darboux transformation of the TH-MB equation,
Eqs.(27) will give one-fold Darboux transformation about E 1 , E 2 as This one-fold transformation will be used to generate one-soliton solution from trivial seed solution of the TH-MB equation.
In the next part, we will give determinant representation of the n-fold Darboux transformation of the TH-MB equations. Firstly, we introduce 3n eigenfunctions
. . , 3n and Φ i = Φ(λ = λ i ), with constraints on eigenvalues as λ 3n+1 = λ 3n = λ * 3n−1 and the reduction conditions on eigenfunctions as
We can also derive the n-fold Darboux transformation in form of a huge determinant in the following theorem. Theorem 2: The n-fold Darboux transformation for solutions of the TH-MB equations can be represented as
where for 1 ≤ i, j, k, m ≤ 3n
.
The matrix W n and row vectors p m , q k are defined as, , andj means the remainder of j modulo 3.
The n-th new solution E
[n]
1 , E
[n] 2 after the n-fold Darboux transformation of the TH-MB equations will be
where (t
n−1 ) 12 is the element at the first row and second column in the matrix of t
n−1 . The formula for the new solutions p
22 is just as the solutions after one fold Darboux transformation p [1] 1 , p [1] 2 , N [1] , M [1] 11 , M [1] 12 , M [1] 21 , M [1] 22 in by changing T 1 to T n . So far, we discussed about the determinant construction of n-th Darboux transformation of the TH-MB equations. As an application of these transformations of the TH-MB equations, soliton solutions and positon solutions will be constructed in the next section. Particularly we use the 2-fold Darboux transformation to generate two-soliton solutions and positon solutions of the TH-MB equation.
We assume trivial seed solutions as E 1 = 0; E 2 = 0; p 1 := 0; p 2 := 0; N := 1; M 11 := 1; M 12 := 0; M 21 := 0; M 22 := 1, then the linear equations lead to eigenfunctions
Substituting these two eigenfunctions into the one-fold Darboux transformation eq.(28)and choosing λ = α 1 + β 1 i, then the following solition solutions are obtained: 28), and taking α = 2, β = −1, then the one-solition solutions of the classical TH-MB equations can be obtained whose evolution is given in Fig.1 , which clearly indicates that E 1 = E 2 are bright solitons because their waves are above the flat non-vanishing plane. The other solutions keep initial values as following
After considering the two-fold Darboux transformation and supposing α 1 = 1, β 1 = 1.5, α 2 = 1.5, β 2 = 1, ω = 1, = 1, β = 1, two-soliton solutions E [2] 1 , E [2] 2 are as Fig. 2. (|E [1] 1 | 2 ) Figure 1 . One solition solution E
2 of the TH-MB equations when , = 1, β = 1, ω = 1, α 1 = 1, β 1 = 2.
(|E
2 of the TH-MB equations when α 1 = 1, β 1 = 1.5, α 2 = 1.5, β 2 = 1, ω = 1, = 1, β = 1.
For the above two-soliton solutions, if the second spectral parameter λ 2 is close to the first spectral parameter λ 1 , doing the Taylor expansion of wave function to first order up to λ 1 will lead to a new kind of solutions which is called positon solutions. Firstly, following four linear eigenfunctions will be got which will be used to construct the second Darboux transformation and to generate the positon solutions,
Now we take λ 2 = λ 1 + (1+i) and using the Taylor expansion of wave function Φ 4,1 , Φ 5,1 , Φ 6,1 up to first order of in terms of λ 1 . On substitution of these manipulations into the second Darboux transformation discussed in the last section will help us to derive positon solutions. The pictorial representation of positon solutions of the TH-MB equations, i.e. the case when α 1 = 1, β 1 = 1.5, ω = 1, = 1, β = 2, ω = 1.5 is shown in Fig.3 . Comparing positons with two solitons, one can find positons are long-range analogues of solitons and slowly decreasing, oscillating solutions. Though each branch of the positon will separate finally during their propagating, the separation becomes slower and slower because λ 2 infinitely approach to λ 1 .
In a similar way, using the higher order Darboux transformation, one can also generate higher-order positon solutions which will not be included here.
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